Received: October 19, 1999, Accepted: January 27, 2000

HYPER VERSION

Del Pezzo surfaces and affine 7-brane backgrounds

Tamás Hauer

Max-Planck-Institut für Gravitationsphysik Albert-Einstein-Institut, D-14476 Golm, Germany E-mail: hauer@aei-potsdam.mpg.de

Amer Iqbal

Center for Theoretical Physics, Department of Physics MIT, Cambridge, Massachusetts 02139 E-mail: amer@mit.edu

Abstract: A map between string junctions in the affine 7-brane backgrounds and vector bundles on Del Pezzo surfaces is constructed using mirror symmetry. It is shown that the lattice of string junctions with support on an affine 7-brane configuration is isomorphic to the K-theory group of the corresponding Del Pezzo surface. This isomorphism allows us to construct a map between the states of the N = 2, D = 4 theories with E_N global symmetry realized in two different ways in type-IIB and type-IIA string theory. A subgroup of the SL(2, Z) symmetry of the ^E_9 7-brane background appears as the Fourier-Mukai transform acting on the D-brane configurations realizing vector bundles on elliptically fibered B_9.

Keywords: D-branes, String Duality.

Contents

1. Introduction 1

2. N = 2 theories with E_N global symmetry 2 2.1 Compactification of IIA 2 2.1.1 The homology of ~B_N and the E_N root lattice 3 2.1.2 The K-theory group of Del Pezzo surfaces 4 2.2 Probe theory in IIB 5 2.2.1 ^E_{N<9} 6 2.2.2 ^E_9 8 2.3 3-cycles and string junctions 8 2.3.1 The mirror of a Calabi-Yau threefold containing B_9 8 2.3.2 3-Cycles in W 10 2.3.3 String junctions from 3-cycles 10

3. String junctions and vector bundles 11 3.1 B_9 and ^E_9 11 3.2 B_N and ^E_N 12 3.3 Genus of the junction and dimension of the moduli space 13 3.4 Fourier-Mukai transform and SL(2, Z) 14

1. Introduction

The study of D-branes has provided important insights into non-perturbative aspects of string theory as well as supersymmetric gauge theories. Supersymmetric field theories are realized in string theory either as the effective world-volume theory of a configuration of D-branes or as the theory on the transverse space after compactification on some appropriate manifold. In the later case D-branes wrapped on various cycles of the compactification manifold give rise to particles and non-critical strings in the gauge theory. Thus D-branes provide a geometrical description of states in the supersymmetric gauge theories.

Along the process of realizing QFT’s as effective models in string theory, previously unknown exotic SUSY theories have also been found. An example is the N = 1 six dimensional E_8 theory [1]–[7] whose compactification on a torus leads to N = 2 theories with E_N global symmetry [8]. These four dimensional theories and their spectra are the focus of our paper. Since there are different ways of obtaining effective field theories in string theory, some models can be realized in different ways. Our aim is to compare two different realizations of the same theory, namely d = 4, N = 2 SYM theory with E_N global symmetry which arises both as the worldvolume theory of a threebrane in IIB (or F-theory) [9, 10, 11, 12] near a particular set of 7-branes, and as the compactification of IIA on a CY threefold [12, 13, 14, 7, 15] with a shrinking Del Pezzo surface in it. In this paper we will construct the precise map between the spectra of the two different realizations of the theory.

We will first review both constructions. The states in the IIA theory on the transverse space are obtained by wrapping D-branes on various cycles in the Del Pezzo and the description of the spectrum consists of the classification of sheaves on the surface. On the type-IIB side the states of the D3-brane world-volume theory are (p, q) strings and string junctions with support on 7-branes and the D3-brane. In the next section we explain that both the image of the sheaves in the K-theory group and the junctions form a lattice. In the third section an isomorphism between these two lattices is established and in the last section an application of this isomorphism is given which identifies the Fourier-Mukai transform [16] of sheaves on B_9 with the SL(2, Z) symmetry of the dual brane configuration in IIB.

2. N = 2 theories with E_N global symmetry

2.1 Compactification of IIA

We begin by reviewing how d = 4, N = 2 field theories with exceptional global symmetry can be be realized in IIA string theory. Of the several ways involving the low energy limit of D-brane configurations or compactifications we use the approach commonly referred to as geometric engineering. Compactification of IIA string theory on a non-compact CY threefold with a shrinking 4-cycle X gives rise to a low energy theory with 8 supercharges on the transverse space, whose spectrum is determined by the homology of that 4-cycle. When the shrinking manifold is a Del Pezzo surface, the low energy theory acquires exceptional global symmetry because the lattice of 2-cycles contains the root lattice of an exceptional algebra and thus admits the action of the corresponding Weyl group.

The states of the field theory are obtained from IIA D-branes wrapping various submanifolds of X : D0’s on points, D2’s wrapping 2-cycles and D4’s on X itself. A configuration of Q D4-branes is a U(Q)-bundle on X with instanton number given by the number of D0’s and first Chern class being the Poincaré dual to the homology class wrapped by D2-branes [17, 18]. Proper description of these D-brane configurations requires the more sophisticated notion of sheaves on X [19, 20]. This becomes essential if configurations with and without D4-branes are to be dealt with on equal footing. BPS states arise from supersymmetric configurations of D-branes.

Wrapped D4-branes with immersed lower dimensional branes correspond to semistable torsion-free sheaves on X [19]^1 while a generic configuration is described by a coherent sheaf which is reducible to torsion and semi-stable torsion-free components corresponding to non-immersed branes.

A Del Pezzo surface X is a two complex dimensional manifold constructed by blowing up N points on P^2 or N − 1 points on P^1 × P^1, where N ≤ 8. We denote these two families as ~B_N and B_N , respectively; moreover ~B_N = B_N for N > 1, and thus it is sufficient to consider B_1 = P^1 × P^1 and ~B_N for N = 0, . . . , 8. The almost Del Pezzo ~B_9 is also known as^1_2 K3 [21] since it is an elliptically fibered manifold with a base B ∼= P^1 and twelve degenerate elliptic fibers.

2.1.1 The homology of ~B_N and the E_N root lattice The case ~B_{N≤8}: the 2nd homology group H_2( ~B_N ) is N + 1 dimensional and is generated by the elements {l, e_1, . . . , e_N }, where l is the generator of H_2(P^2) and e_i (i = 1, . . . , N) are the exceptional curves. The intersection numbers are

#(l · l) = 1 ,^#(e_i · e_j ) = −δ_{ij} ,^#(l · e_i) = 0 . (2.1)

The canonical class is K_{~BN} = −3l + ∑_N i=1 e_i, it is used to define the degree of a 2-cycle Σ as

d_Σ ≡ −^#(K_{~BN} · Σ) , Σ ∈ H_2( ~B_N ) . (2.2)

The homology lattice H_2( ~B_N ) contains the root lattice Γ_N of the E_N algebra. To see this, identify the set of roots as Δ_N = {C ∈ H_2( ~B_N , Z)|^#(C · C) = −2, d_C = 0}, and choose the simple roots of E_N , {3 ≤ N ≤ 9} as

C_i ≡ e_i − e_{i+1} , i = 1, . . . , N − 1 and C_N ≡ l − e_1 − e_2 − e_3 , (2.3)

their intersection numbers yield the E_N Cartan matrix. Using C_i as basis elements, we can define the weight vector {ω^i|i = 1, . . . , N} and associate Dynkin labels λ_i with each curve:

#(ω^i · C_j ) = −δ^i_j , λ_i ≡ −^#(C · C_i) , i = 1, . . . , N , (2.4)

such that the curve and the self-intersection is given in terms of the corresponding weight vector: Σ = N∑ i=1 λ_iω^i − d_Σ 9 − N K_{~BN} , #(Σ · Σ) = −⃗λ · ⃗λ + d^2_Σ 9 − N , Σ ∈ H_2( ~B_{N≤8}, Z) . (2.5)

1In this case the sheaf is constructed from the sections of the holomorphic bundle.

The case ~B_9 : blowing up one more point we arrive at the final case we consider: ~B_9 =^1_2 K3 which is not strictly speaking Del Pezzo. It is however often referred to as almost Del Pezzo having a nef (but not ample) anticanonical class. Since ~B_9 is elliptically fibered we will use a different basis for H_2( ~B_9). We denote the homology class of the base and the fiber by B and F respectively. With the choice of basis {C_1 · · · C_8, B + F, B}, H_2( ~B_9) = Γ_{E8} ⊕^{( 1 0}_{0 −1}^). In terms of the degree d_Σ and c =^#(B · Σ) the curve Σ and its self-intersection number is given by Σ = 8∑ i=1 λ_iω^i + d_Σ(B + F ) + cF ,

#(Σ · Σ) = −⃗λ · ⃗λ + d^2_Σ + 2cd_Σ , Σ ∈ H_2( ~B_9, Z) . (2.6)

Since H_2( ~B_9) contains the affine E_8 root lattice, it admits the action of the affine E_8 Weyl group and all curves fall into representations of affine E_8 such that d_Σ and c are the level and the grade of the representation respectively.

2.1.2 The K-theory group of Del Pezzo surfaces The K-theory group of ~B_N and B_1 are given as [22]: K( ~B_N ) = Z ⊕ · · · ⊕ Z N+3 , K(B_1) = Z ⊕ Z ⊕ Z ⊕ Z . (2.7)

The K-theory group K^0 of ~B_N (B_1) is generated by N + 3 (4) elements and being torsion free it is isomorphic to the even-degree integral cohomology group H^∗( ~B_N ) (H^∗(B_1)). The map is given by

K(X ) ∋ E −→ ch(E) ∈ H^∗(X ) . (2.8)

There is a natural bilinear form on K(X ) [22]: let E_{1,2} ∈ K(X ) then ⟨E_1, E_2⟩ ≡ ∫ X ch(E_1 ⊗ E^∗_2 ) ∧ Td(X ) = ∫ X ch(E_1) ∧ ch(E^∗_2 ) ∧ Td(X ) ≡ ∫ X ch(E_1) ∧ ch(E_2)^∨ ∧ Td(X ) , (2.9)

where E^∗ is the dual bundle, Td(X ) = 1 +^1_2 c_1(X ) +^1_{12} (c_1(X )^2 + c_2(X )) and if v = ∑_2 i=0 v_i, v_i ∈ H^{2i}(X ) then v^∨ ≡

∑_2

i=0(−1)^iv_i. Let us write^2 the Chern classes of E_{1,2} ∈ K(X ) as ch(E_a) = (r_a, Σ_a, ch_2(E_a)); then we obtain^3

⟨E_1, E_2⟩ = r_1r_2 −^#(Σ_1 · Σ_2) + r_1 ch_2(E_2) + r_2 ch_2(E_1) + 1 2 (r_2d_{Σ1} − r_1d_{Σ2} ) . (2.10)

An element (r, Σ, ch_2) ∈ H^∗(X ) represents an equivalence class E of sheaves on X such that ch(E)=(r, Σ, ch_2(E)) where ch_2(E) =^1_2^#(Σ · Σ) − ∫ X c_2(E).

2We will use the same symbol for the 2-form and its dual 2-cycle. Thus^#(Σ_a · Σ_b) ≡ ∫ X Σ_a ∧ Σ_b. 3∫ X c_1(X ) ∧ c_1(X ) = 9 − N and ∫ X c_2(X ) = N + 3 for X = B̃_N .

Note that this bilinear form is not symmetric, the antisymmetric part is given by the determinant

⟨E_1, E_2⟩ − ⟨E_2, E_1⟩ = − | | | | r_1 r_2 d_{Σ1} d_{Σ2} | | | | . (2.11)

With this bilinear form K( ~B_N ) has signature (N +1, 2). This scalar product was also considered in [23] where it was shown that for certain manifolds the matrix of scalar products of exceptional sheaves is the same as the soliton counting matrix [24] of the corresponding Landau-Ginzburg theory. We plan to explore the relation between the exceptional sheaves on Del Pezzos, solitons of the corresponding N = 2 Landau- Ginzburg theories and string junctions living on affine 7-brane backgrounds further in the future.

2.2 Probe theory in IIB

Four-dimensional N = 2 theories can be realized as the world-volume theory of a D3-brane probe in the vicinity of some 7-branes of IIB string theory. The algebra of the 7-branes appears as the global symmetry in the 4d field theory. The states arise from strings and string junctions [25] stretched between the D3 and (some of) the 7-branes and are characterized by the charges of each 7-brane. Viewing the setup as an F-theory compactification on K3, these states have the following geometrical interpretation. The position of the D3-brane singles out a fixed elliptic fiber E_∗ and the strings/junctions with a (^p_q ) string segment ending on the D3-brane can be viewed as curves in the K3 whose boundary wraps the (p, q)-cycle of E_∗. In the dual M-theory picture the selected elliptic fiber is wrapped by an M5-brane and the states arise from M2 branes wrapping the curves in K3 which end on the M5-brane [26].

The low energy field theory on the D3-brane in the vicinity of certain configurations of m 7-branes is insensitive to the remaining 24 − m 7-branes.^4 For the sake of simplicity we might replace the K3 in our arguments by an elliptically fibered noncompact Ricci-flat manifold M_m containing these m singular fibers only. Then the spectrum of the four dimensional probe theory is characterized by the curves of (the elliptically fibered) M_m with boundary on the selected elliptic fiber E_∗, or the relative homology H_2(M_m, E_∗). The natural norm on this lattice is given by the self-intersection of the homology elements. The BPS states correspond to the holomorphic curves, which satisfy

#(C · C) = 2g − 2 + b , (2.12)

b and g being the number of boundary components on the E_∗ and the genus of the curve respectively.

4It was shown in [30] that the only 7-brane backgrounds which allow such a decoupling are the ones with elliptic or parabolic monodromy.

Let us now specify the particular 7-brane backgrounds of our interest. The well-known E_N Kodaira singularities (N < 9) can be understood in terms of N + 2 7-branes, of which at most N may be mutually local. A string (junction) state can be identified by specifying its charge with respect to each 7-brane (linking number [27] or invariant charge [28]) and thus is an element of an N + 2 dimensional lattice. To find the theories which are dual to the ones presented in the previous section, we need a lattice of one more dimension. As it was pointed out in [29], the relevant 7-brane background is obtained by adding an extra 7-brane to the E_N configuration so that it becomes ^E_N, which was studied in detail in [31, 32, 33] and is summarized in the following subsections. The junction lattice of ^E_N, J^{2,N+1}, is N + 3 dimensional and is of signature (2, N + 1).

2.2.1 ^E_{N<9}

We consider the type-IIB background with N + 3 non-local 7-branes of the configuration ^E_{N<9}. The elliptic fibration of the corresponding F-theory manifold, ^E_N is characterized by the monodromy around the singular fibers which is encoded in the 7-brane charges [34]. Denote a [p, q] 7-brane as X_{[p,q]}, with corresponding inverse monodromy^5 K_{p,q} =^{( 1 + pq −p2}_{q2 1 − pq}^). Then ^E_N is defined in terms of the following 7-brane configuration:^6

(X_{[1,0]})^N X_{[6,−1]}X_{[−3,1]} X_{[0,1]} K( ^E_N ) = ( 1 9 − N 0 1 ) , (2.13)

K( ^E_N ) being the overall monodromy. If we remove the X_{[0,1]}-brane, the remaining N + 2 7-branes can be collapsed to the E_N Kodaira-singularity with overall monodromy and associated binary quadratic form [32]:

K(E_N ) = ( 1 9 − N −1 N − 8 ) f_{EN} (p, q) = p^2 9 − N + pq + q^2 . (2.14)

Let us consider E_N first. In a suitable basis [28] a junction can be written as J = ∑_N i=1 λ_iω^i + pω^p + qω^q, and the self-intersection form on the homology lattice H_2(E_N , E_∗) factorizes such that the curve J with boundary wrapping the (p, q)-cycle of the E_∗ has norm

(J, J) = −λ^2_{EN} + f_{EN} (p, q) , (2.15)

where λ is a vector of the E_N weight lattice. Back to ^E_N , the addition of the “affining” X_{[0,1]} 7-brane gives rise to one more basis element, which we call δ^{(−1,0)} and choose

5K_{p,q} is the SL(2, Z) action felt by a string as it crosses the branch cut of the 7-brane. 6This configuration is identical to ^Ẽ_N of [33] up to an overall transformation with T^4 ∈ SL(2, Z).

Figure 1: Two curves (junctions) whose boundary wraps intersecting cycles of the selected elliptic fiber.

to be a closed (^{−1}_0 ) string (oriented counterclockwise) encircling all of the 7-branes: J = N∑ i=1 λ_iω^i + pω^p + qω^q + nδ^{(−1,0)} ,

(J, J) = −λ^2_{EN} + 2nq + f_{EN} (p, q) . (2.16) In this case the norm does not factorize as in (2.15); the first two terms, however, can be regarded as the norm of a weight vector in the affine lattice ^E_N .

Eqns. (2.15) and (2.16) determine the self-intersection number of a curve in ^E_N with boundary on the selected fiber. There is some ambiguity in extending this formula to mutual intersection between curves whose boundary wraps different cycles of the torus, which is resolved by specifying the contribution of the intersecting boundaries of two curves depicted in figure 1.

Linearity of the intersection number requires that if J_1 and J_2 wrap the (p_1, q_1) and (p_2, q_2) cycle of the T^2 respectively, then the contribution from the boundary is

(J_1, J_2)_{boundary} = α | | | p_1 p_2 q_1 q_2 | | | , (J^2, J^1)^{boundary} = (1 − α) | | | p_1 p_2 q_1 q_2 | | | . (2.17)

In [28] the contribution was postulated to be symmetric (α = 1/2), which led to fractional intersection numbers in general. This is not suitable for us because the metric on the lattice of the dual theory is manifestly integral. We shall utilize the simplest integral choice: α = 1, so that (J_1, J_2)_{boundary} = p_1q_2 − q_1p_2 and (J_2, J_1)_{boundary} = 0. Together with (2.16) this uniquely fixes the intersection matrix on the junction lattice which is straightforward to determine.

Summary: a 3-brane parallel to the singular fibers of an F-theory compactification on a ^E_N manifold realizes a d = 4, N = 2 theory whose states are characterized by an N + 3 dimensional charge lattice equipped with following intersection bilinear form in the basis {α_i|i = 1, . . . , N; ω^p, ω^q, δ^{(−1,0)}}: −E_{N 1} 9−N 1 0 0 1 1 0 1 0

, (2.18)

where E_N is the Cartan matrix of the corresponding Lie algebra.

2.2.2 ^E_9

Going beyond N = 8 in the series of the 7-brane configurations of (2.13) we encounter ^E_9 which is special from numerous aspects. The overall monodromy is trivial and as a consequence, it admits two linearly independent closed strings encircling the 7-branes. It is useful to visualize the configuration in the following way:

X_{[1,0]} ( (X_{[1,0]})^8X_{[6,−1]}X_{[−3,1]} ) X_{[0,1]} = X_{[1,0]} (E_8) X_{[0,1]} , (2.19)

and think about it as being “doubly affined” [33]. One possible basis for the lattice of junctions being supported on this configuration is J = 8∑ i=1 λ_iω^i + pω^p + qω^q + n_1 δ^{(−1,0)} + n_2 δ^{(0,1)} , (2.20)

(J, J) = −λ^2_{E8} + 2n_1q + 2n_2p + f_{E8} (p, q) = −λ^2_{E8} + 2n_1q + 2n_2p + p^2 + pq + q^2 , (2.21)

with intersection matrix in the basis {α_i|i = 1, . . . , 8; ω^p, ω^q, δ^{(−1,0)}, δ^{(0,1)}} is

E_8 1 1 0 1 0 1 1 0 0 1 0 0 1 0 0 0

. (2.22)

2.3 3-cycles and string junctions

Mirror symmetry relates type-IIA string theory compactified on a Calabi-Yau threefold M to type IIB on the mirror manifold W [35]. It follows from the interpretation of mirror symmetry as T-duality [36, 37] that the even cohomology classes of M are mapped to the odd cohomology classes of W and therefore the complexified Kähler structure parameters of M are exchanged with the complex structure parameters of W [38]. Vector bundles with characteristic classes represented by the even cohomology classes map to 3-cycles dual to the odd cohomology classes [39].

2.3.1 The mirror of a Calabi-Yau threefold containing B_9

A Calabi-Yau threefold, M, containing B_9 can be described as a double elliptic fibration over P^1 [21],

y^2_i = x^3_i + f_{4,i}(z) x_i + g_{6,i}(z) , i = 1, 2 , (2.23)

where z is the coordinate on the P^1. The total space of each fibration over the sphere defines a B_9 surface. As shown in [21], this CY threefold can also be obtained by

Figure 2: The non-compact mirror Calabi-Yau W , as an S^1_c × R fibration over the base of the elliptically fibered B_9. At the points z_i different cycles of the elliptic fiber of B_9 are shrinking while at z_∗ the S^1_c shrinks.

resolving the singularities of a Z_2 × Z_2 orbifold of T^2 × T^2 × T^2. If ξ_{1,2,3} are the complex coordinates on the three tori then the orbifold action is given by [21]

(ξ_1, ξ_2, ξ_3) → ( ξ_1 + 1 2 , ξ_2, −ξ_3 ) and (ξ_1, ξ_2, ξ_3) → ( ξ_1, ξ_2 + 1 2 , −ξ_3 ) ,(2.24)

and the third torus becomes the P^1 after the identification. The holomorphic 3-form is Ω^{(3)} = dz^{dx1}_{y1}^{dx2}_{y2} with z being the coordinate on the P^1. To obtain the non-compact CY-threefold containing B_9, we decompactify the fiber of one of the elliptic fibrations by taking its area to infinity i.e. we consider the limit of the complexified Kähler parameter B + iA ≡ ρ → i∞.

The mirror threefold W is obtained by performing T-duality on one of the cycles of each torus. The decompactification limit of M then maps to the limit of W when the complex structure parameter τ of the elliptic fibration goes to i∞ which in effect decompactifies one of the cycles of the torus. The local model for this is given by

y^2 − x^2 = (z − z_∗) . (2.25)

Since we want the degenerate complex structure limit for the entire elliptic fibration, we adopt the above model globally over P^1. The structure of W then is that of a T^2 × S^1_c × R fibration over a P^1 and the holomorphic 3-form becomes

Ω^{(3)} = dz dx_1 y_1 dx_2 x_2 = dx_2 x_2

Ω^{(2)}, (2.26)

where Ω^{(2)} is the holomorphic 2-form on B_9. Since the canonical bundle of B_9 is non-trivial this holomorphic two form has zeros or poles at the 2-cycle dual to the first Chern class of the canonical bundle. The total space can be visualized as a double fibration over P^1: the T^2 fibration constitutes a B_9 surface and a cylinder is also fibered over its base. At one point z_∗ ∈ P^1 the nontrivial cycle of the S^1_c × R shrinks to zero size. We denote the elliptic fiber of B_9 above this point by E_∗.

2.3.2 3-Cycles in W

Mirror symmetry maps the even homology of M to the odd homology of W . Since W is simply connected the only odd homology elements of W are the 3-cycles of the following type [21]:

• S^1_c × S^2: Here S^2 = C is a curve in B_9 and S^1_c is the non-trivial cycle of the S^1 × R fibration. There are eight such cycles on which the holomorphic 3-form Ω^{(3)} is non-zero: S^1_c × C_i, i = 1, . . . , 8 with C_i given in (2.3) corresponding to the roots of the E_8 root lattice embedded in H_2(B_9).

• S^3: There are two such (linearly independent) cycles. They are formed by S^1_c × S^1 fibered over intervals I_{1,2} such that S^1 shrinks on one end of the interval and S^1_c shrinks at the other side.

• T^3: There are again two (linearly independent) cycles of this type. These are formed by S^1_c in the S^1_c × R fibration and a torus in the B_9. The torus in the B_9 is formed from the circle surrounding the position of the degenerate fibers on the base and a 1-cycle of the elliptic fiber.

2.3.3 String junctions from 3-cycles

Let π : B_9 = X → P^1 be an elliptic fibration. We denote by E_∗ = π^{−1}(z_∗), as discussed before, a fixed non-degenerate elliptic fiber. The section e : P^1 → X is such that e(P^1) = B with B^2 = −1. The three-cycles in the non-compact Calabi- Yau threefold W are of the form C × S^1_c , where C is a curve in B_9 with a boundary such that C ∩ E_∗ = ∂C ∈ H_1(E_∗, Z). With any such curve C ∈ X we can associate a junction J_C living on the base B,

J_C = e(π(C)) . (2.27)

If ∂C = 0, the corresponding junction has no asymptotic charge and has support only on the 7-branes, the positions of the degenerate fibers. When ∂C = (p, q) ∈ H_1(E_∗, Z) the corresponding junction has asymptotic charge (p, q) on the D3-brane, the position of E_∗ on the base.

We summarize the mirror symmetry map between the homology of B_9 and the 3-cycles of the mirror Calabi-Yau W in table 1. I_1 and I_2 represent curves on the base from z_1 and z_{12} to z_∗ respectively. δ is the path encircling the 7-branes. S^1 and S^1_D are the two basis 1-cycles of the elliptic fiber.

Table 2 shows the Del Pezzo surfaces and the corresponding dual 7-brane configurations.

H_∗(B_9) H_3(W) J^{2,10} A(Σ) = ∫ Σ Ω^{(2)}

C_i, i = 1, . . . , 8 S^2 × S^1_c = C_i × S^1_c C_i m_i = ∫ C_i dz dx y B S^3 = I_1 × (S^1 × S^1_c ) a_1 = x_{[1,0]} ϕ = ∫_{z∗} z_1 dz ∮ [1,0] dx y F T^3 = δ × S^1 × S^1_c δ^{(0,1)} τ = ∮ δ dz ∮ [0,1] dx y B_9 S^3 = I_2 × (S^1_D × S^1_c ) x_{[0,1]} ϕ_D = ∫_{z∗} z_{12} dz ∮ [0,1] dx y 0–cycle T^3 = δ × S^1_D × S^1_c δ^{(−1,0)} τ_D = ∮ δ dz ∮ [−1,0] dx y Table 1: Homology cycles of B_9 and their mirror images.

Complex surface Brane Configuration Algebra B̃_0 = P2 X_{[6,−1]}X_{[−3,1]}X_{[0,1]} ^E_0

~B_1 = P2#P̄2 X_{[6,−1]}X_{[−3,1]}X_{[0,1]} ^Ẽ_1 = ^u(1)

B_1 = P^1 × P^1 X_{[1,−1]}X_{[1,1]}X_{[1,−1]}X_{[1,−1]} ^E_1 = ^su(2) ~B_{N>1} = P^2# P̄^2# . . . #P̄^2 N (P^1 × P^1)# P̄^2# . . . #P̄^2 N−1

A^N X_{[6,−1]}X_{[−3,1]}X_{[0,1]}

A^{N−1}(X_{[1,−1]}X_{[1,1]})^2 ^E_N

Table 2: 7-brane configurations dual to Del Pezzo surfaces.

3. String junctions and vector bundles

3.1 B_9 and ^E_9

We map the equivalence classes of sheaves on B_9 to string junctions with support on the ^E_9 7-brane configuration. Recall that in [29] the map between curves and junctions of zero q charge living on E_9 7-brane configuration was given. According to that map a curve Σ = 8∑ i=1 λ_iω^i + d_Σ(B + F ) + cF ∈ H_2(B_9, Z) , (3.1)

corresponds to a family of junctions

J_Σ(m) ≡ 8∑ i=1 λ_iω^i + d_Σω^p + cδ^{(0,1)} + mδ^{(−1,0)} , m ∈ Z . (3.2)

Different values of m correspond to different bundles on Σ. We denote by O_Σ(m) a (torsion sheaf whose restriction to its support is a) bundle on Σ with ch(O_Σ(m)) = (0, Σ, m +^1_2 d_Σ). A D2-brane wrapped on B maps to a D4-brane wrapped on B_9 after

T-duality, which we will interpret as an SL(2, Z) transformation by S. Therefore we require that the map between the junctions and bundles should satisfy the following conditions:

• The rank of the bundle F is the q-charge of the corresponding junction.

• The degree d_Σ of the first Chern class Σ of the bundle, is the p-charge of the junction.

• ⟨F, F⟩ = −^#(J_F · J_F ).

By equating the two scalar products and requiring that they be equal for all (r, d_Σ) = (q, p) we get a unique map between the bundle data and the junction data. It follows that a bundle F with

ch(F) = (r , Σ , k) , Σ = 8∑ i=1 λ_iω^i + d_Σ(B + F ) + cF , (3.3)

corresponds to the junction

J_F = 8∑ i=1 λ_iω^i + d_Σω^p + cδ^{(0,1)} + rω^q − ( r + k + 1 2 d_Σ ) δ^{(−1,0)} . (3.4)

3.2 B_N and ^E_N

The map between K(B_N ) and ^E_N for N < 9 follows from the above map. Blowing down an exceptional curve corresponds to removing a X_{[1,0]} 7-brane of the ^E_9 7-brane configuration. By this process we not only decouple the string junction with support on that brane but we also lose the δ^{(0,1)} string junction. It then follows from (3.4) that a class F ∈ K(B_N ) such that

ch(F) = (r , Σ , k) , Σ = N∑ i=1 λ_iω^i − d_Σ 9 − N K_{BN} ∈ H_2(B_N , Z) , (3.5)

corresponds to

J_F = N∑ i=1 λ_iω^i + d_Σω^p + rω^q − { r + k + 1 2 d_Σ } δ^{(−1,0)} . (3.6)

where r + k +^1_2 d_Σ ≡ χ(F) is the Euler-Poincaré characteristic of F. K(B_N ) is an abelian group, the inverse of F is −F and the associated junction is −J_F . With this identification we get ⟨F_1, F_2⟩ = −^#(J_{F1} · J_{F2} ) . (3.7)

3.3 Genus of the junction and dimension of the moduli space Let F be a stable holomorphic vector bundle on B_9 with ch(F) = (r, Σ, k) such that gcd(r, d_Σ) = 1. We denote the corresponding special lagrangean 3-cycle in the mirror Calabi-Yau and the BPS junction by C_F and J_F respectively. The dimension of the moduli space M(r, Σ, k) of the vector bundle is −⟨F, F⟩ + 1 while the moduli space is empty if ⟨F, F⟩ > 1 [41, 40]. From the correspondence with junctions we see that [42]

dim M(r, Σ, k) =^#(J_F · J_F ) + 1 = 2g − 2 + gcd(r, d_Σ) + 1 = 2g , (3.8)

where g is the genus of the curve associated with the junction. This is in agreement with Vafa’s conjecture [39] that the map between the 3-cycles and the vector bundles should be such that H^i(End F) = H^i(C_F , W ) . (3.9) It follows from the above identification that ⟨F, F⟩ ≡ 2∑ i=0 (−1)^idim Ext^i(F, F) ≡ 2∑ i=0 (−1)^idim H^i(End F)

= 2∑ i=0 (−1)^idim H^i(C_F , W ) = 2∑ i=0 (−1)^ib^i

= χ(C_F ) + 1 (3.10)

and therefore

dim M(r, Σ, k) = −⟨F, F⟩ + 1 = −χ(C_F ) = 2g . (3.11)

We summarize the results of this section in table 3. O_X is the structure sheaf of the manifold X and is the trivial rank one bundle corresponding to a D4-brane wrapped on X. O_Σ(m) and O_x are the torsion sheaf and the skyscraper sheaf respectively.

D-branes F ch(F) string junction D4-brane O_{~BN} (1, 0, 0) ω^q − δ^{(−1,0)} D2-brane + mD0-branes O_Σ(−m), m ∈ Z_{≥0} (0, Σ,^1_2 d_Σ − m) J_Σ(m − d_Σ) D0-brane O_x, x ∈ B_N (0, 0, −1) δ^{(−1,0)} Table 3: The duality map between IIA branes and string junctions.

3.4 Fourier-Mukai transform and SL(2, Z)

In this section we will show that a Fourier-Mukai transformation [16] on B_9 = X can be identified with an SL(2, Z) transformation by S =^{( 0 −1}_{1 0}^) on the dual 7-brane background ^E_9.

Let F be a complex of sheaves^7 on π : X → P^1 such that ch(F) = (r, Σ, k). The Fourier-Mukai transform S maps this to a complex of sheaves S(F) on ^X, where ^π : ^X → P^1 is the dual elliptic fibration. Let ^S be the Fourier-Mukai transform which maps ^G, a complex of sheaves on ^X with ch( ^G) = (^r, ^Σ, ^k), to ^S( ^G), a complex of sheaves on X. The Chern classes of these complexes are given by [16]

ch_0(S(F)) ≡ ^r^′ = d_Σ ,

ch_1(S(F)) ≡ ^Σ^′ = −w(Σ) + (d_Σ − r)B + { k +^#(Σ · B) + 1 2 d_Σ } F , ch_2(S(F)) ≡ ^k^′ = −d_Σ −^#(Σ · B) + 1 2 r , (3.12) and ch_0(^S( ^G)) ≡ r^′ = d_{^Σ} ,

ch_1(^S( ^G)) ≡ Σ^′ = w^{−1}(^Σ) − (d_{^Σ} + ^r)B + { ^k −^#(^Σ · B) − 1 2 d_{^Σ} } F , ch_2(^S( ^G)) ≡ k^′ = −d_{^Σ} −^#(^Σ · B) − 1 2 ^r , (3.13)

where w : H_2(X, Z) → H_2( ^X, Z) is an automorphism induced by isomorphism between X and ^X. This automorphism is such that w(B) = B and w(F ) = F , therefore it corresponds to a Weyl transformation on the E_8 root lattice, Γ_{E8} ⊂ H_2(X, Z).

Thus we see that ( d_{^Σ′} ^r′ ) = ( 0 −1 1 0 ) ( d_Σ r ) , ( d_Σ′ r^′ ) = ( 0 −1 1 0 ) ( d_{^Σ} ^r ) , (3.14) and ch(^S(S(F))) = − ch(F) ⟨ ^S( ^G), ^S( ^G) ⟩ = ⟨ S(F), S(F) ⟩ = ⟨F, F⟩ . (3.15) 7String junctions related by branch cut moves are physically equivalent. To a given (r, Σ, k) there corresponds a family of string junctions related to each other by branch cut moves. Since as shown in [44] only the image of the complex in the K-theory group is physically relevant, this image is sufficient to construct a member of the corresponding family of string junctions. These aspects of string junctions and their relation with derived categories is under investigation.

If we denote the junction corresponding to F by J_F , then^8

J_F = 8∑ i=1 λ^Σ_i ω^i + d_Σω^p + rω^q +^#(Σ · B)δ^{(0,1)} − ( r + k + 1 2 d_Σ ) δ^{(−1,0)} ,

J_{S(F)} = − 8∑ i=1 w(λ^Σ_i )ω^i − rω^p + d_Σω^q + { r + k − 1 2 d_Σ } δ^{(0,1)} +^#(Σ · B)δ^{(−1,0)} , and J_{^G} = 8∑ i=1 λ^{^Σ}_i ω^i + d_{^Σ}ω^p + ^rω^q +^#(^Σ · B)δ^{(0,1)} − ( ^r + ^k + 1 2 d_{^Σ} ) δ^{(−1,0)} , (3.16)

J_{^S( ^G)} = 8∑ i=1 w^{−1}(λ^{^Σ}_i )ω^i − ^rω^p + d_{^Σ}ω^q + { ^r + ^k + 1 2 d_{^Σ} } δ^{(0,1)} +

{_# (^Σ · B) + ^r } δ^{(−1,0)} .

It is straightforward to show that J_{S(F)} and J_{^S( ^G)} are obtained from J_F and J_{^G} respectively by a global SL(2, Z) transformation by S =^{( 0 −1}_{1 0}^) and branch cut moves inducing the E_8 Weyl transformation w. The branch cut moves, however, are different for J_{S(F)} and J_{^S( ^G)} and correspond to different Weyl transformations of affine E_8 [43]. Therefore we see that the Fourier-Mukai transform is the S-duality transformation of the type-IIB 7-brane background ^E_9, and the sign ambiguity referred to in [44, 45] is required for the proper identification between junctions and vector bundles.

Acknowledgments

We would like to thank Oliver DeWolfe, Robbert Dijkgraaf, David Morrison, Jun Song, Cumrun Vafa and Barton Zwiebach for valuable discussions. We are grateful to D. Hernández Ruipérez for providing us with the updated version of their paper. This research was supported in part by the US Department of Energy under contract #DE-FC02-94ER40818.

References

[1] E. Witten, Small instantons in string theory, Nucl. Phys. B 460 (1996) 541 [hep-th/9511030].

[2] O.J. Ganor and A. Hanany, Small E_8 instantons and tensionless non-critical strings, Nucl. Phys. B 474 (1996) 122 [hep-th/9602120].

[3] N. Seiberg and E. Witten, Comments on string dynamics in six dimensions, Nucl.

Phys. B 471 (1996) 121 [hep-th/9603003].

8Strictly speaking the junctions J_F and J_{S(F)} belong to different 7-brane configurations, since under S transformation the 7-brane labels have not changed but the τ parameter of the elliptic curve E_∗ has.

[4] E. Witten, Phase transitions in M-theory and F-theory, Nucl. Phys. B 471 (1996) 195 [hep-th/9603150].

[5] D.R. Morrison and C. Vafa, Compactifications of F-theory on Calabi-Yau threefolds, II, Nucl. Phys. B 476 (1996) 437 [hep-th/9603161].

[6] O.J. Ganor, A test of the chiral E_8 current algebra on a 6D non-critical string, Nucl. Phys. B 479 (1996) 197 [hep-th/9607020]; Toroidal compactification of heterotic 6d non-critical strings down to four dimensions, Nucl. Phys. B 488 (1997) 223 [hep-th/9608109].

[7] O.J. Ganor, D.R. Morrison and N. Seiberg, Branes, Calabi-Yau spaces and toroidal compactification of the N = 1 six-dimensional E_8 theory, Nucl. Phys. B 487 (1997) 93 [hep-th/9610251].

[8] S. Katz, P. Mayr and C. Vafa, Mirror symmetry and exact solution of 4d N = 2 gauge theories, I, Adv. Theor. Math. Phys. 1 (1998) 53 [hep-th/9706110].

[9] C. Vafa, Evidence for F-theory, Nucl. Phys. B 469 (1996) 403 [hep-th/9602022].

[10] A. Sen, F-theory and orientifolds, Nucl. Phys. B 475 (1996) 562 [hep-th/9605150].

[11] T. Banks, M.R. Douglas and N. Seiberg, Probing F-theory with branes, Phys. Lett. B 387 (1996) 278 [hep-th/9605199].

[12] M.R. Douglas, S. Katz and C. Vafa, Small instantons, del pezzo surfaces and type i’ theory, Nucl. Phys. B 497 (1997) 155 [hep-th/9609071].

[13] S. Katz, A. Klemm and C. Vafa, Geometric engineering of quantum field theories, Nucl. Phys. B 497 (1997) 173 [hep-th/9609239].

[14] A. Klemm, P. Mayr and C. Vafa, BPS states of exceptional non-critical strings,

hep-th/9607139.

[15] W. Lerche, P. Mayr and N.P. Warner, Non-critical strings, Del Pezzo singularities and Seiberg-Witten curves, Nucl. Phys. B 499 (1997) 125 [hep-th/9612085].

[16] D. Hernández Ruipérez, J.M. Muñoz Porras, Structure of the moduli space of stable sheaves on elliptic fibrations, math.AG/9809019; D. Hernández Ruipérez, Private communications.

[17] M. Bershadsky, C. Vafa and V. Sadov, D-branes and topological field theories, Nucl.

Phys. B 463 (1996) 420 [hep-th/9511222].

[18] D.-E. Diaconescu and J. Gomis, Fractional branes and boundary states in orbifold theories, hep-th/9906242.

[19] J.A. Harvey and G. Moore, On the algebras of BPS states, Comm. Math. Phys. 197 (1998) 489 [hep-th/9609017].

[20] C. Vafa and E. Witten, A strong coupling test of S-duality, Nucl. Phys. B 431 (1994) 3 [hep-th/9408074].

[21] J.A. Minahan, D. Nemeschansky, C. Vafa and N.P. Warner, E-strings and N = 4 topological Yang-Mills theories, Nucl. Phys. B 527 (1998) 581 [hep-th/9802168].

[22] B. V. Karpov, D. Y. Nogin, Three-block exceptional collections over Del Pezzo surfaces,

alg-geom/9703027

[23] E. Zaslow, Solitons and helices: the search for a math physics bridge, Comm. Math.

Phys. 175 (1996) 337 [hep-th/9408133].

[24] S. Cecotti and C. Vafa, On classification of N = 2 supersymmetric theories, Comm.

Math. Phys. 158 (1993) 569 [hep-th/9211097].

[25] E. Witten, Bound states of strings and p-branes, Nucl. Phys. B 460 (1996) 335 [hep-th/9510135];

O. Aharony, J. Sonnenschein and S. Yankielowicz, Interactions of strings and D-branes from M-theory, Nucl. Phys. B 474 (1996) 309 [hep-th/9603009]; J.H. Schwarz, Lectures on superstring and M-theory dualities, Nucl. Phys. 55B (Proc. Suppl.) (1997) 1 [hep-th/9607201]; An SL(2, Z) multiplet of type-IIB superstrings, Phys. Lett. B 360 (1995) 13 [hep-th/9508143].

[26] A. Mikhailov, N. Nekrasov and S. Sethi, Geometric realizations of BPS states in N = 2 theories, Nucl. Phys. B 531 (1998) 345 [hep-th/9803142].

[27] A. Hanany and E. Witten, Type-IIB superstrings, BPS monopoles and threedimensional gauge dynamics, Nucl. Phys. B 492 (1997) 152 [hep-th/9611230].

[28] O. DeWolfe and B. Zwiebach, String junctions for arbitrary Lie algebra representations, Nucl. Phys. B 541 (1999) 509 [hep-th/9804210].

[29] O. DeWolfe, A. Hanany, A. Iqbal and E. Katz, Five-branes, seven-branes and fivedimensional E_n field theories, J. High Energy Phys. 03 (1999) 006 [hep-th/9902179].

[30] A. Sen and B. Zwiebach, Stable non-BPS states in F-theory, hep-th/9907164.

[31] O. DeWolfe, Affine Lie algebras, string junctions and 7-branes, Nucl. Phys. B 550 (1999) 622 [hep-th/9809026].

[32] O. DeWolfe, T. Hauer, A. Iqbal and B. Zwiebach, Uncovering the symmetries on (p, q) 7-branes: beyond the Kodaira classification, hep-th/9812028.

[33] O. DeWolfe, T. Hauer, A. Iqbal and B. Zwiebach, Uncovering infinite symmetries on (p, q) 7-branes: Kac-Moody algebras and beyond, hep-th/9812209.

[34] M.R. Gaberdiel, T. Hauer and B. Zwiebach, Open string-string junction transitions, Nucl. Phys. B 525 (1998) 117 [hep-th/9801205];

A. Sen and B. Zwiebach, Stable non-BPS states in F-theory, hep-th/9907164.

[35] C. Vafa, Lectures on strings and dualities, hep-th/9702201;

R. Dijkgraaf, Fields, strings and duality, hep-th/9703136.

[36] A. Strominger, S.-T. Yau and E. Zaslow, Mirror symmetry is T-duality, Nucl. Phys.

B 479 (1996) 243 [hep-th/9606040].

[37] N.C. Leung and C. Vafa, Branes and toric geometry, Adv. Theor. Math. Phys. 2 (1998) 91 [hep-th/9711013].

[38] D.R. Morrison, The geometry underlying mirror symmetry, alg-geom/9608006. [39] C. Vafa, Extending mirror conjecture to Calabi-Yau with bundles, hep-th/9804131. [40] T. Bridgeland, Fourier-Mukai transforms for elliptic surfaces, alg-geom/9705002. [41] D. Huybrechts, M. Lehn, The geometry of moduli spaces of sheaves, Aspects of Math, Vol E31, Braunschweig, Wiesbaden: Vieweg 1997.

[42] O. DeWolfe, T. Hauer, A. Iqbal and B. Zwiebach, Constraints on the BPS spectrum of N = 2, D = 4 theories with ADE flavor symmetry, Nucl. Phys. B 534 (1998) 261 [hep-th/9805220].

[43] T. Hauer, A. Iqbal, B. Zwiebach, Duality and Weyl symmetry of 7-brane configurations, hep-th/0002127.

[44] E. Sharpe, D-branes, derived categories and grothendieck groups, Nucl. Phys. B 561 (1999) 433 [hep-th/9902116].

[45] P.S. Aspinwall and R.Y. Donagi, The heterotic string, the tangent bundle and derived categories, Adv. Theor. Math. Phys. 2 (1998) 1041 [hep-th/9806094].